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We report an experimental self-calibrating tomography scheme for entanglement characteriza-
tion in high-dimensional quantum systems using Schmidt decomposition techniques. The self-
tomography technique based on maximal likelihood estimation was developed for characterizing
non-ideal measurements in Schmidt basis allowing us to infer both Schmidt eigenvalues and detect-
ing efficiencies.
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I. INTRODUCTION
Building an experimental set-up for performing so-
phisticated measurements (for example, such as ones re-
quired for performing quantum tomography), one gener-
ally needs calibrating it. For the signals on the single-
particle level the task is quite challenging, especially if
one cannot easily use a pre-calibrated etalon detectors
and/or signal sources for the purpose. More than 30
years ago D. N. Klyshko had outlined an efficient way to
solve this problem using the fact that quantum features of
the signal (such as, for example, character of the photon
number distribution) can be used as a precise measure-
ment tool for a calibration. In particular, D. N. Klyshko
had suggested using the fact of photon pairs creation in
the process of down-conversion for performing an ”abso-
lute calibration” of the detecting scheme [1]. A detection
of one photon of the pair in one arm of the ”absolute
calibration” scheme means that there is the second pho-
ton of the pair going through the other arm. Thus, the
ratio of registered counts in both arms gives an exper-
imentalist efficiency of the detecting set-up installed in
the second arm of the scheme without any pre-calibrated
detector/source. This idea was actively developed and
implemented (see, for example, Refs. [2–5]). Recently,
this idea had also given rise to more general concept of
”self-calibration” as simultaneous inference of parame-
ters of both the measurement scheme and the signal [6–
8]. Very recently the first experimental realization of the
self-calibration scheme was presented using polarization-
encoded one- and two-photon states [9]. There, the un-
known rotation angle of the measurement basis was re-
covered together with the density matrix of the signal.
Here we present the first example of experimental self-
calibrating tomography, when a set of parameters de-
scribing efficiency of the detecting scheme is actually in-
ferred together with the parameters of the spatial state of
∗Electronic address: straups@yandex.ru
entangled photon pairs generated in the process of spon-
taneous parametric down-conversion (SPDC).
Spatial entanglement in SPDC was a subject of intense
research during the last decade. Besides fundamental is-
sues, spatial states of biphoton pairs offer a platform for
high-dimensional quantum states engineering motivating
this interest. One can distinguish two complementary
approaches to spatial qudit engineering with biphotons:
one using ”pixel entanglement” and similar schemes [10–
13], and another one based on using high-order coher-
ent (usually Laguerre-Gaussian) modes [14–25]. In both
approaches achievable dimensionality and collection ef-
ficiency are figures of merit. Dimensionality of effective
Hilbert space is limited by degree of spatial entangle-
ment. In pixel entanglement schemes, for example, the
pixel size should be made smaller than the coherence ra-
dius of the pump in the far zone, and since the pump is
always divergent, even a plain wave, selected by point-like
aperture would be correlated to a whole set of plain-wave
modes in the conjugate beam. The same holds in general
for other possible choices of modes.
It is remarkable that there is a ”preferred” basis among
the multitude of possible coherent spatial modes, which
consists only of pairwise correlated modes. It is a set
of Schmidt modes. Since it was used for the first time
by Law and Eberly [26], it has become a common tool
for entanglement analysis of infinite dimensional systems
in general, and of spatial states of photons in particu-
lar. A direct experimental attempt to address spatial
entanglement of SPDC biphotons in Schmidt basis was
made in the recent work of authors [27]. The technique of
projective measurements used in that work suffers from
poor quality of spatial mode transformations, resulting
in non-ideal measurement scheme. Here we use self-
calibration to account for this non-ideality. We present a
self-consistent analysis of the data collected by measur-
ing approximate Schmidt modes via the set-up similar
to Ref.[27], and demonstrate that self-calibrating tomog-
raphy is a feasible and practical way to update both the
information about the measurement scheme and Schmidt
eigenvalues starting from very general assumptions about
them.
2The paper is organized as follows: in Section II we
briefly describe the main features of SPDC angular
spectrum with emphasis on spatial entanglement and
Schmidt decomposition, Section III describes the gen-
eral concept of the self-calibrating tomography scheme
and its particular realization for inferring Schmidt eigen-
values. Section IV gives the detailed description of
our experiments with spatial Schmidt modes. Section
V describes the practical implementation of the self-
calibration scheme.
II. ANALYZING SPATIAL ENTANGLEMENT
OF SPDC BIPHOTONS WITH SCHMIDT
DECOMPOSITION
Biphotons generated in the SPDC process have contin-
uous frequency and angular spectrum. Let us consider its
structure in some details. SPDC can be phenomenolog-
ically described using the following effective interaction
Hamiltonian [28]:
H =
∫
V
d3~rχ(2)(~r)E(−)p (~r)E
(+)(~r))E(+)(~r) + H.c. (1)
Here Ep is the classical amplitude of the pump field and
E is the scattered field operator. Considering pump to
be monochromatic, the first order of perturbation theory
gives the following expression for the state of the scat-
tered field:
|Ψ〉 = |vac〉+
∫
d ~k1d ~k2Ψ( ~k1, ~k2) |1〉k1 |1〉k2 ,
Ψ( ~k1, ~k2) =
∫
V
d3~rχ(2)(~r)E(−)p (~r) exp
[
i~∆~r
]
,
(2)
where ~∆ = ~k1 + ~k2 − ~kp, ω1 + ω2 = ωp. In the case
of collinear phase-matching and under wide crystal ap-
proximation one can obtain the following biphoton field
amplitude [29–31]:
Ψ( ~k1, ~k2) = Ep( ~k1⊥ + ~k2⊥)F( ~k1⊥ − ~k2⊥), (3)
where Ep( ~k1⊥ + ~k2⊥) stands for angular spectrum of the
pump, and F( ~k1⊥ − ~k2⊥) is a geometrical factor deter-
mined by phase-matching conditions.
Authors of [30, 31] give the following expression for F :
Ψ( ~k1, ~k2) = NEp( ~k1⊥+ ~k2⊥)sinc
[
L( ~k1⊥ − ~k2⊥)2
4kp
]
, (4)
with L being the crystal length and N – a normalization
constant. Although this expression is strictly valid only
in the case of small pump divergence [13, 32], it appropri-
ately describes the SPDC spectrum in our experiments.
The most developed approach to quantitative analysis
of spatial (and frequency) entanglement of SPDC bipho-
ton states is based on using coherent modes decomposi-
tion. Biphoton spatial state space is ”discretized” by
switching from continuous distributions in plane-wave
basis of the previous section to discrete distributions in
a chosen basis of spatial mode functions ξi(~k1⊥,2⊥). For
an arbitrary choice of mode functions in the decomposi-
tion of spatial state for each of the photons, the biphoton
amplitude takes the following form:
Ψ(~k1⊥, ~k2⊥) =
∞∑
i,j=0
Cijξi(~k1⊥)ξj(~k2⊥). (5)
It turns out, that by appropriate choice of the basis
mode functions one can transform the expression (5) to
a single-sum form
Ψ(~k1⊥, ~k2⊥) =
∞∑
i=0
√
λiψi(~k1⊥)ψi(~k2⊥) (6)
which is called Schmidt decomposition. In this case
the basis functions ψi(~k1,⊥) should be eigenfunctions of
single-photon density matrix ρ1,2(~k1⊥, ~k1⊥), and λi are
the corresponding eigenvalues. It means that the ap-
propriate mode functions may be found by solving the
following integral equation:∫
ρ1,2(~k⊥, ~k
′
⊥)ψi(
~k′⊥)d
~k′⊥ = λiψi(
~k⊥). (7)
”Average number of Schmidt modes” determined by
Schmidt number :
K =
1∑∞
i=0 λ
2
i
. (8)
is widely used as an operational measure of
entanglement[26].
Degree of spatial entanglement of SPDC biphotons de-
scribed by wavefunction (4) was analyzed by Law and
Eberly in [26]. The pump was assumed to be gaus-
sian Ep = exp
[
− | ~k1⊥+ ~k2⊥|σ2
]
. Authors derived an ana-
lytical expression for Schmidt number by approximating
F( ~k1⊥ − ~k2⊥) function of (4) by a gaussian function:
Kg =
1
4
(
bσ +
1
bσ
)2
, (9)
where b =
√
L
4kp
is the waist of the gaussian function
modeling F( ~k1⊥− ~k2⊥). In the following we will call this
procedure ”a double gaussian approximation”. The value
of Kg is determined by a single parameter bσ and may
reach very high values for bσ ≫ 1 and bσ ≪ 1. Numerical
calculations performed for
F( ~k1⊥ − ~k2⊥) = sinc
[
b( ~k1⊥ − ~k2⊥)2
]
(10)
showed that real value of K is larger than Kg for all
values of bσ.
3The choice of mode functions set in (5) is quite ar-
bitrary and may be determined by convenience in an-
alyzing a particular physical situation. If the situation
corresponds to a beam propagating in free space, it is
natural to chose the solutions of paraxial wave equation,
i.e. Hermite-Gaussian or Laguerre-Gaussian modes, as a
set of mode functions. Moreover it turns out, that these
functions form the Schmidt decomposition for SPDC
with the gaussian pump of moderate divergence.
Let us choose the set of Hermite-Gaussian modes as a
basis for decomposition:
HGnm(kx, ky) ∝
Hn
(
k2x
(∆kx)2
)
Hm
(
k2y
(∆ky)2
)
exp
(
− k
2
x + k
2
y
2(∆k⊥)2
)
,
(11)
where Hn(x) are Hermite polynomials, and {kx, ky} are
transverse wave-vector components. One can get rid of
two indexes in decomposition (11) and transform it to
a form of Schmidt decomposition using double-gaussian
approximation [26, 34]. For small σ we can make a sub-
stitution sinc(x
2
σ2 )→ exp(−γ x
2
σ2 ), where γ is a coefficient
chosen to make both functions ”close” to each other. A
good approximation is provided by choosing a value of
γ = 0.86.[42] The biphoton wavefunction now takes the
following form:
Ψ( ~k1, ~k2) ∝ exp(− (
~k1⊥ + ~k2⊥)
2
2a2
) exp
(
− (
~k1⊥ − ~k2⊥)2
2b2
)
,
(12)
where a determines the angular bandwidth of the pump,
and b =
√
4kp/γL – the phase-matching bandwidth.
Since the wavefunction is a product of functions depend-
ing only on k1,2x and only on k1,2y, it is sufficient to
consider the problem in one dimension:
Ψ(k1x, k2x) =√
2
πab
exp(− (k1x + k2x)
2
2a2
) exp
(
− (k1x − k2x)
2
2b2
)
.
(13)
One can show, that solutions of (7) for such a wave-
function have the form [34]:
ψn(k1x,2x) =
(
2
ab
)1/4
φn
(√
2
ab
k1x,2x
)
, (14)
where φn(x) = (2
nn!
√
π)−1/2e−x
2/2Hn(x). For corre-
sponding eigenvalues and Schmidt number we obtain:
λn = 4ab
(a− b)2n
(a+ b)2(n+1)
, Kx =
a2 + b2
2ab
. (15)
So we have the following form of Schmidt decomposition
for SPDC biphoton state under the double-gaussian ap-
proximation:
Ψ( ~k1, ~k2) =∑
mn
√
λnλmψn(k1x)ψm(k1y)× ψn(k2x)ψm(k2y). (16)
Degree of entanglement for this two-dimensional wave-
packet is given by Schmidt number:
K = Kx ×Ky = (a2 + b2)2/4a2b2. (17)
Let us note, that (16) is not the only possible form
of Schmidt decomposition. It may as well be described
in terms of Laguerre-Gaussian modes as in [26, 35]. The
value of Schmidt number is, of course, basis independent,
as was explicitly shown in a recent preprint by Miatto et
al. [36]. In fact, the difference between these two repre-
sentations corresponds to the choice of polar or cartesian
coordinates on the plane of transverse momentum com-
ponents.
III. SELF-CALIBRATING TOMOGRAPHY
SCHEME FOR INFERRING SCHMIDT
EIGENVALUES
Here we describe briefly the concept of self-calibration
as simultaneous updating of information about the state
and the measurement device as it was formulated in a re-
cent work [8]. Also, we discuss the application of the self-
calibration scheme for tomography of angular Schmidt
modes in SPDC.
Generally, the possibility of self-calibration follows nat-
urally from the Born rule
p(ρ,X) = Tr{Πˆ(X)ρ}, (18)
which gives one a probability of getting the particular
measurement result, p(ρ,X), being linear on coefficients
of the representation of the signal density matrix, ρ, and
the elements of the Positive Operator Valued Measure
(POVM),Πˆ(X), in an arbitrary basis. Obviously, a-priori
knowledge of some parts of the signal density matrix can
be traded for getting knowledge of some parts of the
POVM. And even if one aims for inferring such param-
eters of the POVM (say, X in Eq.(18)) that the proba-
bility, p(ρ,X), depends nonlinearly on, both X and the
signal density matrix, it can be estimated, provided that
a measure of estimation success is strictly convex with re-
spect to all the parameters/coefficients to be found. For
this measure one can take, for example, the Kullback-
Leibler divergence between the expected inferred set of
probabilities, ~p = {pij(ρ,X)}, and the actually measured
frequencies, ~f = {fij} [8],
D(~p, ~f) ∝ ln (L) =
∑
i,j
fij ln
{
pij(ρ,X)
P
}
, (19)
P =
∑
ij
pij(ρ,X).
Minimizing this divergence is equivalent to performing
maximum-likelihood (ML) estimation [38], i.e. maximiz-
ing the likelihood L of the model.
Building the self-calibration statistical estimation pro-
cedure for our case is greatly simplified, firstly, by the
4available a-priori knowledge about the signal state and,
secondly, by the character of measurements. Actually,
one needs estimating diagonal elements of the density
matrix (6) containing terms corresponding to no more
than single photons. This allows one implementing
highly efficient iterative expectation-maximization algo-
rithm for performing ML estimation of the diagonal ele-
ments of the density matrix, preserving positivity on each
step of the iteration procedure [39] (for practical imple-
mentation for the diagonal elements estimation see, for
the example, Refs. [6, 40]). Also, as it will be seen be-
low, the measurement is done by performing rather ac-
curate (albeit still significantly non-ideal) projection on
the chosen Schmidt mode approximated as the Gaussian
function (see the previous Section). Local measurements
in one of directions are sufficient for the inference.
So, the reduced local signal density matrix describing
one photon of the pair is
ρ(~k, ~k′) =
∑
n,m
λmnψnm(~k)ψnm(~k′), (20)
where coefficients λnm = λmλn are Schmidt numbers
corresponding to the mode ψnm. The POVM elements
for the local projective measurement of the mode ψnm
can be written as
Πnm(~k, ~k′) =
∑
i,j
µ
(nm)
ij ψij(
~k)ψij(~k′), (21)
where parameters µ
(nm)
ij describe losses and efficiency of
the projection. Knowledge about these parameters is
to be updated via the self-calibration procedure. The
expectation-maximization iterative procedure to the case
can be written as:
λ(k+1)nm = λ
(k)
nm
∑
i,j
fij
p
(k)
ij
µ
(nm)
ij
µsumij
, (22)
where
µsumij =
∑
n,m
µ
(nm)
ij ,
and probabilities p
(k)
ij are estimated via the Born rule (18)
on the kth iteration of the procedure. For the initial ap-
proximation, λ
(0)
mn, one can choose, for example, the set
of equal numbers (really, the choice of λ
(0)
mn is not really
important provided for that they are non-zero [40]). An
important feature of the procedure (22) specific to our
case is that the result of estimation should be factorable,
λ
(k)
nm = λ
(k)
m λ
(k)
n . Practically, it can be done by replacing
the result of each iteration by the closest factorable ma-
trix. As we shall see below, the procedure (22) provides
for fast and efficient estimation of Schmidt eigenvalues.
The self-calibration procedure can be imagined as fol-
lows: one assumes some values of parameters µ
(nm)
ij , esti-
mates λmn and probabilities pij and calculates the value
of the Kullback-Leibler divergence (19). Then one re-
peats the whole procedure for another set of µ
(nm)
ij . If
the Kullback-Leibler divergence is convex in the chosen
region of parameters µ
(nm)
ij , one chooses the values of
µ
(nm)
ij corresponding to the minimum divergence as ones
allowing the closest fitting of the experimental results.
IV. EXPERIMENTAL REALIZATION OF
MEASUREMENTS IN SCHMIDT BASIS
Here we describe locals measurement performed
by projection to the approximated Gaussian Schmidt
modes.
We used a 2 mm BBO crystal pumped by a CW He-
Cd laser with λp = 325 nm wavelength. The crystal
was cut for collinear frequency-degenerate Type-I phase-
matching. Angular bandwidth of phase-matching in such
crystal (neglecting the pump divergence) – b parameter
in (12) is λ2π × b = 0.033, where λ = 2λp = 650 nm is
the wavelength of down-converted photons. It was con-
venient for our purposes to select the value of pump di-
vergence corresponding to a moderate Schmidt number.
We focused the pump inside the crystal with a 150 mm
quartz lens and measured the divergence – a parame-
ter in (12) to be λ2π × a = (5.8 ± 0.1) × 10−3 [43]. To
ensure applicability of double-gaussian approximation we
calculated eignevalues and eigenfunctions for the reduced
single-photon density matrix, corresponding to the pre-
cise SPDC wavefunction (4) numerically. The calculation
was performed as follows: Hermite-Gaussian modes cor-
responding to the approximate function (13) were cho-
sen as a basis, we have restricted ourselves to 10 lower
order modes (giving the Schmidt number with 3 deci-
mal digits precision) and calculated the matrix elements
of the precise density matrix in this basis. Diagonalizing
the calculated matrix, we obtained eigenvalues and eigen-
functions. The results are in reasonable correspondence
with a simplified double-gaussian model, at least, we
should expect that phase holograms for Schmidt modes
should be close to those of Hermite-Gaussian modes of
appropriate divergence. We should note that measured
waist size of the pump beam in the focal plane of the
lens was wp = (25 ± 1)µm, corresponding to M2 = 1.4.
That means, the pump beam is aberrated and is not re-
ally gaussian, and that may cause some deviations from
Hermite-Gaussian shape of Schmidt modes as well.
We have used an LCoS SLM with VAN matrix pro-
duced by Cambridge Correlators. The matrix has 1027×
768 pixels of 10µm size each. It is an 8 bit device, ca-
pable of introducing a phase shift of up to 0.8π. Since
larger phase shifts are required for our holograms we used
a double reflection scheme. We used two polymer film
polarizers in front and after the SLM to reduce the un-
wanted polarization rotations by an additional dielectric
mirror necessary in such scheme (see insets in Fig. 1,5).
To estimate the quality of quality of mode transfor-
5Figure 1: Experimental setup for transforming an attenuated
laser beam to higher Hermite-Gaussian modes. SMF - single
mode fiber; O1,2,3 - microscope objectives; L - 145 mm lens;
P - polarizers; D - single photon counter. A phase modula-
tor is shown as a transmitting mask, while in reality it is a
combination of SLM and a dielectric mirror M (see text for
details).
mation with this device we used the setup sketched in
Fig. 1. We used an attenuated 650 nm diode laser as a
source. The beam was mode filtered with single mode
fiber and focused with a 20× microscope objective to ob-
tain the divergence similar to that of an HG00 Schmidt
mode, and the waist at the position of the crystal. So
we obtained a single mode gaussian beam modeling the
zero order Schmidt mode of SPDC beam. The beam was
collimated with 145 mm lens and after reflection from
SLM was focused with a 8× microscope objective to a
single mode fiber followed by a single photon counter
(Perkin Elmer). The focused beam waist exactly coin-
cided with the mode size of the fiber ( 4µm). We should
stress, that we paid special attention to mode match-
ing and optics were chosen in such a way that detection
mode exactly coincides with calculated HG00 Schmidt
mode. Parameters of phase holograms were adjusted
to minimize the detector counting rate, i.e. to ensure
orthogonality of transformed modes to a fundamental
gaussian one. We have actually adjusted three param-
eters: the position of phase step for HG10(01) modes,
which is determined by the beam position at the SLM
(in horizontal and vertical directions, respectively), and
the distance between phase steps for HG20 modes deter-
mined by beam size at the SLM plane. These parame-
ters define the shape of holograms for other modes in a
unique way. If we define ”visibility” for mode transfor-
mations as the ratio of counting rates with holograms for
HGnm modes to that for untransformed gaussian mode:
V = (R00−Rmn)/(R00+Rmn), then for almost all of the
modes with 0 ≤ m,n ≤ 4 it exceeds 97%, corresponding
to reasonably high quality of mode transformations. His-
togram of counting rates for various modes is shown in
Fig. 2. Notice that counts rate for supposedly symmet-
rical modes HG01 and HG10 are visibly different. It is a
consequence of different quality of projections for these
modes. Such non-symmetry should be accounted for by
correspondent POVM elements (namely, by the parame-
ters µ
(nm)
ij ). This hardly controllable non-symmetry and
other artifacts of non-perfect mode transformations in-
Figure 2: Detector counting rate for an attenuated laser beam
transformed to HGnm modes. The fiber tip is set to position,
corresponding to x = 0 in Fig. 3.
evitable with phase-only holograms is the main reason
for applying the self-calibrating reconstruction procedure
for the case.
To check whether the spatial structure of transformed
modes is at least close to Hermite-Gaussian, we scanned
the fiber tip in the focal plane of O3 objective. The
counting rate dependence on fiber position is determined
by the convolution of a corresponding Hermite-Gaussian
function and a fundamental gaussian mode of the fiber:
R(x) ∝∣∣∣∣
∫ ∞
−∞
Hnm(
√
2x˜/w) exp
(
− x˜
2
w2
)
exp
(
− (x− x˜)
2
w2
)
dx˜
∣∣∣∣
2
,
(23)
where w is the gaussian mode waist. Experimental de-
pendencies are shown in Fig. 3 and have a character-
istic shape of double-peak curves. Distance between
maxima depends on the mode number, and is shown
in Fig. 4 for ”horizontal” HGn0 and ”vertical” HG0m
modes, together with theoretical predictions for Hermite-
Gaussian modes. To plot the theoretical predictions cor-
rectly we estimated the waist size by fitting the convo-
lution for HG00 mode with a gaussian curve, obtaining
w = (3.87± 0.07)µm.
When the attenuated laser beam is substituted with
SPDC radiation, the described scheme realizes projective
measurements in approximately Hermite-Gaussian basis.
Full scheme of experimental setup is shown in Fig. 5.
Pump was focused to a 2 mm BBO crystal with a 150 mm
quartz lens L1, a second lens L2 with F = 145 mm was set
confocal with L1 to collimate the beam. Pump radiation
was cut off with a UV-mirror UVM, and SPDC radiation
was frequency filtered with an interference filter IF. We
used filters with central wavelength of 650 nm and band-
width of 40 nm and 10 nm and did not observe any sig-
nificant improvement of visibility for narrower filter. All
the following results were obtained with a wide 40 nm fil-
ter. Photon pairs were split with a 50/50 non-polarizing
6Figure 3: Counting rate dependence on the position of fiber
tip for an attenuated laser beam transformed to various
modes. Fiber is scanned in horizontal direction (1) and in
vertical one (2).
Figure 4: Dependence of maxima positions for fiber tip scan
on mode number for laser beam transformations. ”Horizon-
tal”HGn0 (blue bars), ”vertical”HG0m (red bars) modes and
theoretical predictions (solid black line and dots). Theoreti-
cal predictions are calculated for gaussian waist a = 3.9µm
(see text for details).
beam-splitter. An SLM was placed in the transmitted
channel and after reflection the radiation was focused
into single mode fiber placed in the focal plane of 8× mi-
croscope objective. In the reflected channel the beam was
focused into similar single mode fiber with identical ob-
jective. Signals in both channels were detected by single
photon counters connected to a coincidence circuit.
Experimental evidence of similarity of Schmidt modes
to Hermite-Gaussian ones may be obtained by analyz-
ing the dependencies of single counts and coincidences
on the fiber tip position in the focal plane of the fo-
cusing microscope objective. We expect the dependence
for coincidences to be described by (23). Experimental
curves for the case when fiber in the transmitted channel
is scanned are shown in Fig. 6. Distance between max-
ima behaves analogously to the case of attenuated laser
beam, as shown in Fig. 8.
We obtained same dependencies of coincidence count-
ing rate when the fiber tip was scanned in the reflected
channel (see Fig. 7). In this case single counts, obvi-
ously, do not depend on the mode selected in the conju-
gate channel at all. This effect is a straightforward con-
sequence of intermodal correlations in SPDC and may
Figure 5: Experimental setup. L1 – 150 mm quartz lens; L2
– 145 mm lens; BBO - 2 mm BBO crystal placed in the joint
focus of L1 and L2; UVM – UV mirror cutting off the pump;
IF – interference filter for 650 nm with 40 nm bandwidth; BS
– non-polarizing 50/50 beam-splitter; 01,2 – 8× microscope
objectives; PM – spatial light modulator (is shown as trans-
mitting mask for simplicity, real alignment is shown on the
inset); PM2 – phase mask made of thin glass plates; SMF -
single mode fiber; SMF/MMF – single or multi-mode fiber
depending on the experiment (see text for details); D1,2 –
single photon counters (Perkin Elmer). A 200µm vertical slit
S was used in ”ghost” imaging experiments.
Figure 6: Coincidence (1) and single counts (2) rate depen-
dence on the fiber tip position in the focal plane of the micro-
scope objective in the channel with SLM for different modes.
Fiber is scanned in horizontal direction.
be thought of as a sort of ”ghost interference” [37]. We
should note that almost zero coincidence counting rate in
the central position of the fiber is an interference effect
demonstrating spatial coherence of detected modes. So
this result may be considered as an experimental demon-
stration of one of the main features of Schmidt modes –
their spatial coherence.
Note that the double-peak structure characteristic for
Hermite-Gaussian modes appears only in coincidences
dependence, while single counts behave monotonously,
as is expected for spatially multi-mode radiation. The
maximal value of single counting rate, however, decreases
with increasing value of mode indexes.This is clear from
the form of single-photon density matrix, described by
(20). With the fiber placed in central position, the de-
tection scheme in the transmitted arm of the setup real-
izes projections described by (21), single counts rates in
this case correspond to frequencies fij in (22) and are the
data used for statistical inference of Schmidt eigenvalues.
7Figure 7: Coincidence counting rate dependence on the fiber
tip position in the reflected channel (without SLM) for differ-
ent modes. Fiber tip is scanned in horizontal direction.
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Figure 8: Dependence of maxima positions for coincidence
distributions of Fig. 6 on the mode number (red bars). Cal-
culated dependence for Hermite-Gaussian modes with w =
(3.0 ± 0.1) µm corresponding to HG00 waist size (grey bars)
is provided for comparison.
V. PERFORMING SELF-CALIBRATION FOR
INFERENCE OF SCHMIDT EIGENVALUES
Essential features of the measurement procedure de-
scribed in the previous Section can be captured by writ-
ing down parameters of POVM (21) in the following form
µ
(nm)
ij ≈ µtotηnmΓ(nm)ij . (24)
In Eq.(24) the parameter µtot represent total losses (de-
tection efficiency) equal for all measured modes. Since
it contributes to normalization of the estimated signal
density matrix only, it is irrelevant. The matrix ηnm rep-
resents asymmetry of losses. Thus, we assume ηnm ≡ 1
for n ≤ m. The parameters ηnm for n ≥ m are to be
determined via the self-calibration procedure. Parame-
ters Γ
(nm)
ij describe quality of the projection Since it was
demonstrated that the projection is of a reasonably good
quality, we assume
Γ
(nm)
ij ≈ ∆mnδinδjm + d(nm)ij , (25)
where all the parameters in the right-hand side of formula
(25) are taken to be non-negative, and for each m, n the
η
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Figure 9: The Kullback-Leibler divergence (27) for the exper-
imentally obtained frequencies.
quantity
∆mn ≫
∑
i,j
d
(nm)
ij . (26)
Also, for simplicity sake we assume that inefficiency of
the projection occurs solely from contribution of other
modes, so
∑
i,j
Γ
(nm)
ij = 1. Parameters ∆mn can be cho-
sen from results of projection quality measurements de-
scribed in the previous Section. Thus, we have taken
∆mn = 0.97 for allm,n apart from ∆01 = ∆11 = 0.9. For
simulations small parameters d
(nm)
ij were sampled ran-
domly from the homogeneous distribution.
To model asymmetry of losses, we have introduced two
parameters, η1 and η2. We assume that elements of the
matrix ηnm closest to the main diagonal are equal to
η1. Other elements of ηnm for n ≥ m are taken to be
equal to η2. In Fig.9 the Kullback-Leibler divergence
(19) is shown for the different values of parameters η1,2;
for calculations Eq.(19) is recast in the standard form
D(~p, ~f) =
∑
i,j
fij ln
{
fij
pij(ρ,X)
}
, (27)
where both sets of estimated probabilities ~p and mea-
sured frequencies ~f are normalized to unity. The calcula-
tion is done for experimentally obtained set of frequencies
shown in Fig.10(a) using the iterating ML estimaion pro-
cedure described in the Section III and given by Eq.(22).
One can see that the Kullback-Leibler divergence is ob-
viously convex for the chosen range of parameters η1,2.
The minimum is reached for η1 ≈ 1.3, η2 ≈ 1.125.
The result of the signal state estimation with the in-
ferred parameters of the detecting scheme is given in
Fig.10(c). It is symmetric, i.e. λnm = λmn (and it is
rather different from the experimentally found frequen-
cies shown in Fig.10(a)). However, the reconstructed set
of λnm gives a set of probabilities rather close to the mea-
sured frequencies (Fig.10(d)). The reconstruction pro-
cedure is robust with respect to small imperfections in
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Figure 10: The panel (a) shows the registered frequencies
of photocounts for different modes HGnm. The panel (b)
shows variations of the estimated minimal Kullback-Leibler
divergence for different realizations of the randomly chosen
parameters d
(nm)
ij ; Nruns denoted the number of the particular
realization. The panel (c) shows the the reconstructed signal
density matrix elements λnm for asymmetry parameters, η1 =
1.3 and η2 = 1.125. In the panel (d) the absolute value of
differences between experimentally measured frequencies and
the estimated probabilities is shown for values of parameters
as for the panel (c).
performing projections. It is seen (see Fig.10(b)) that as
long as the condition (26) holds, the result of the esti-
mation changes rather weakly for different realizations of
random variables d
(nm)
ij .
Thus, we have established that the self-calibration pro-
cedure allows one to infer with rather high precision the
quantum state entering the detection scheme and param-
eters of this detection scheme. Now let us consider how
the inferred state agrees with the double-Gaussian model
developed in the Section II.
In Fig.11 one can compare estimated values of λ0m and
ones obtained using the double-Gaussian model Eq.(15)
with parameters a and b determined in the previous Sec-
tion. It can be seen that while some modeled and es-
timated eigenvalues are rather close, difference between
other ones goes beyond estimation errors determined for
MLE procedure via the Fisher information matrix [41].
The variance of the inferred element λnm can be esti-
mated as
∆nm = F
−1
nm,nm, (28)
where the Fisher information matrix is
Fkl,mn =
N∑
j=0
Nmes
fj
∂
∂λkl
[pj ]
∂
∂λmn
[pj ] ,
Nmes being the total number of measurements (1, 800
measurements per mode was actually taken in the ex-
periment). The estimated value of the Schmidt number,
Kx,y = 3.34, is reasonably close to the modelled value,
Kestx,y ≈ 2.97.
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Figure 11: An estimated edge elements λ0m(dark gray bars)
and the ones modelled according to Eq.(15) (light gray bars).
Errors bars represent the deviation estimated using Fisher
matrix method (28). The inset shows the estimated (dark
gray bars) and the modelled (light gray bars) Schmidt eigen-
values corresponding to the parameters λ
2pi
× a = 5.8× 10−3,
λ
2pi
× b = 0.0334.
It seems that the discrepancy can be explained, firstly,
by systematic fluctuations of signal level on long time
scales caused primarily by temperature fluctuations. Ex-
periments have shown, that both coincidence and single
counts rates are extremely sensitive to small beam dis-
placements. So work of an air-conditioning system stabi-
lizing the room temperature caused small but noticeable
periodic change of signal with a period of 10 min. Com-
plete thermal isolation of the setup should remove this
source of errors. Another significant source of errors may
be the difference between detected angular aperture and
full angular bandwidth of SPDC. Sharp dependence of
counting rates on the position of fiber tip relatively to
the microscope objective shows maximum in the posi-
tion slightly different from the focal plane. Moreover,
the pump, assumed to be Gaussian, was actually aber-
rated to M2 = 1.4, which may also slightly change the
real distribution.
Nevertheless, we believe our results to be providing suf-
ficiently persuasive evidence of possibility to realize pro-
jective measurements in a basis close to spatial Schmidt
modes basis for SPDC biphotons, and to perform the self-
calibrating procedure for estimating both the parameters
of the measurement set-up and the signal SPDC state.
VI. CONCLUSION
In this work we have presented the first experimentally
realized self-calibrating procedure for simultaneous esti-
mation of the signal SPDC state and imperfections of the
detecting set-up. To this end we have analyzed spatial en-
tanglement in SPDC in terms of spatial Schmidt decom-
position and shown that under reasonable assumptions,
applicable to the particular experiment, these modes are
close to Hermite-Gaussian modes. Using this fact we
have experimentally realized a scheme of projective mea-
9surements in approximately Hermite-Gaussian basis us-
ing an active spatial light modulator. Experimental re-
sults prove high quality of Gaussian beam transformation
to higher order Hermite-Gaussian modes. For a spatial
multi-mode SPDC radiation such spatial filtering allowed
us to realize projective measurements approximating pro-
jections in Schmidt basis.
We have developed the self-calibrating protocol for the
case and have demonstrated that the predicted proba-
bilities are quite close to the registered frequencies. It
clearly demonstrates validity of the self-calibration pro-
cedure performed for the case. Despite some discrep-
ancies between the predictions of the double-Gaussian
model for the Schmidt modes and the the results of the
inference on the basis of the experimentally measured
data, one can also claim that the double-Gaussian model
is a good choice for modeling actual Schmidt modes of
the generated SPDC state. Thus, we conclude that the
self-calibrating procedure can become a powerful tool for
updating information about the measurement itself while
performing the diagnostics of the generated non-classical
state.
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